Abstract. We describe in mathematical detail the Nahm transformation which maps anti-self dual connections on the four-torus (S 1 ) 4 onto anti-self-dual connections on the dual torus. This transformation induces a map between the relevant instanton moduli spaces and we show that this map is a (hyperKahler) isometry.
Introduction
This paper deals with "magical" properties of U(n) anti-self-dual (asd) connections A on a C n -bundle F over a four-torus T 4 . The "witchcraft" starts by introducing a family of Dirac operators coupled to (F, A) parametrized by the dual torus T 4 . The families index turns out to be a bundle F~^f^ (under a genericity assumption on A) and comes equipped with a natural connection A, which is again ^asd (Theorem 1.5). This is Nahm's transform. Doing it again to (F, A\ we obtain (F, A) and a unitary equivalence (F, A) ~ (F, A). In other words the square of Nahm's transform is the identity (Theorem 2.8&2.9). This was discovered by the authors and independently by Schenk [21] , and relies heavily on some ideas of Nahm [19, 20] . The transformation now induces a map of moduli spaces of (generic) 
asd connections N:Jί(F)-+Jί(F).
The spaces Ji(F) and Jί(F) carry a hyperKahler metric and N turns out to be a hyperKahler isometry, as was conjectured by S. K.
Donaldson (Theorem 3.4).
This transformation has been around for awhile, and the fact that its square is the identity was announced by Nahm [19, 20] in the early eighties (see also Corrigan and Goddard [6] ). However, for mathematicians it is not so easy to understand Nahm's work. In a way, the torus case treated here is the simplest version of Nahm's transform. Nahm originally developed his transformation for instantons invariant under subgroups of # 4 , different from the 4-dimensional lattice (such as R or Z). For time-invariant instantons this was used extensively by Hitchin [13] and Hurtubise-Murray [15] to study magnetic monopoles. Tn these cases the direct analytical attack is still missing.
Two further comments are in place. In algebraic geometry, Mukai [16] discovered the same transformation, but now in the category of coherent sheaves on abelian varieties. Mukai [18] applied this to the study of moduli spaces of stable bundles on abelian varieties and this could be of future use in mathematical physics. Antony Maciocia pointed out that one can use Mukai's work to give an alternative proof of the isometry property of the transform.
Secondly, it should be pointed out that Nahm's work is very reminiscent of certain methods used in the theory of completely integrable systems. Also there the solutions of an associated set of linear equations is a key ingredient, see e.g. Segal-Wilson [22] and Duistermaat-Grunbaum [12] .
Connections on T 4 and the Nahm Transform
Let ΛaR*be a. lattice of rank 4. 
Here / denotes slant product, i.e. integration over T 4 , u denotes cup product and (F R ,F R ) are the underlying real bundles of (F,F).
Proof. The Atiyah-Singer index theorem for families (see Atiyah-Singer [4] ) asserts that
with si(X) the si-genus of X. This proves the proposition.
• This proposition has a nice corollary (see Mukai [16] , [18] and also Schenk [21] ): Proof. It will be expedient to introduce a more detailed notation. Let 
For the curvature one easily finds:
The dot in this equation stands for Clifford multiplication, using the fact that there is a covariantly constant framing of S + ,S~ and T*T 4 
The formal manipulations in this proof will appear again and will sometimes be left to the reader. There is a holomorphic version of the Nahm transformation, which has been discovered by Mukai [16, 18] . For this one needs to choose a holomorphic structure on T 4 
However, this operator is precisely the Dirac operator D^z discussed earlier (see Atiyah [2] ). This establishes an isomorphism J^(F)->F as bundles. It remains to show that the holomorphic structure on 1F(F) coincides with that of F. This was proved in a general context by Bismut-Gillet-Soule [7] (Proposition 3.10 and Theorem 3.11).
It order to prove our next proposition we need the quaternionic structure on spinors on 4-manifolds. There is an anti-linear, covariantly constant map We end this section with a remark of a different nature. The Nahm transformation can be studied more generally for asd connections A on K 4 , invariant under a subgroup of translations A c R 4 . Possible choices of A include A = {0}, these are the ordinary instantons on S 4 . A -R gives rise to monopoles, whereas A ~Z will correspond to the so-called calorons. In this paper, we are restricting ourselves to instantons on the 4-torus, for which A -Z 4 . For the more generalized situations mentioned above, going through a construction similar to ours, we see that the Nahm transformation gives rise to new instantons on K 4 , which are invariant under
If A = {0} this is closely related to the celebrated ADHM construction, see Nahm [20] and Donaldson-Kronheimer [10] . In the case of magnetic monopoles (A = #), Nahm's transformation has been a powerful tool to understand moduli spaces, see Hitchin [13] , Donaldson [9] , Hurtubise-Murray [15] and Atiyah-Hitchin [5] . In a forthcoming paper we shall consider a Nahm transformation for instantons on T 3 x R, which can be studied as monopoles on T 3 with some singularities. Instantons on T 3 x R are intimately related to problems of confinement, see 't Hooft [14].
The Square of Nahm's Transform
In this section we shall prove that there is a canonical isomorphism (F, A) ~ (F, A) of Hermitian bundles with asd connections. Before starting in earnest, we give an outline of the ingredients of the proof. a. We express harmonic spinors for 2)J in terms of those for D^z, using the Green operator G z . b. It is shown that A is 1-irreducible, by explicitly giving the inverse G x of Δĉ . To prove that the spinors found in a. form an orthonormal framing of F we need F® S~~innerproducts of spinors for Dχ . These appear as the Laplacian in z applied to the z-dependent operator G z . represents for z 1 -z 2 φΛ* an element of F Zί ®F* 2 . Here <,> is the Hermitian product on F® S~, which is antilinear in the first argument so as to correctly give the linear map G:F Z2 -> F Zι . Observe that the summation is over Fourier coefficients of a smooth function. These decrease rapidly and this ensures locally uniform convergence of all derivatives in the summation. In order to prove that G is the inverse of Aχ = V|V^, we will need two lemmas. We shall encounter sections of F of the form £<ι/^,s>/ J (z), where
. The following two lemmas give information about covariant derivatives of these sections.
Lemma 2.3.
Equivalently one has for arbitrary seL 2 supported in T 4 -{z 2 }. To finish the proof one simply has to observe three points:
is the Green's function for S*d.
Combining this with the identity obtained in Lemma 2.6 we find:
From the definition of the Green's function one easily finds the short distance expansion:^ U ] (2.5)
Partially integrating twice will give the desired result.
•
Collecting the results we have: Using Lemma 2.6 and Eq. (2.5), together with partially integrating twice will give the desired result.
In some sense it seems that the Nahm transformation is perfect. It preserves self-duality, its square is the identity and as we shall see next, it gives a hyperKahler isometry between moduli spaces.
Metric Properties of Nahm's Transform
We have seen that the Nahm transformation gives a diffeomorphism from the space M\F) of 1-irreducible asd connections modulo gauge transformations to Ji' (F) The L 2 -metric on A 1 ®{Q ^<^u(ή)) now induces a Riemannian metric on Jί(F). We shall show here that Nahm's transformation is an isometry with respect to this metric on the moduli spaces.
Suppose a is a tangent vector to AeJί'(F). The first step is to compute the infinitesimal change in the spinors, δφ Combining this with Eq. (1.5) for the Nahm transformation, we obtain the following formula for the infinitesimal change άeΓ(T 4 ',Λ ί ®(Q x Ad w(/c)))(/c = rk(JF)) 5 which is the derivative of the Nahm transformation applied to a:
3)
The inner products are all with respect to L 2 (T 4 ,F® S~). The deformation of A could also be given by describing how the bundle F varies as a subbundle of H -> Γ 4 , but this would not be a suitable description to compare metrics. Finally, and crucially, we make use of Lemma 2.4 which can be restated as •
The tangent bundle of T 4 can be equipped with a hyperKahler structure; that is, there are three integrable complex structures I,J,K on T 4 which satisfy quaternionic relations, and are all compatible with the orientation such that the metric is Kahler for each of them. It is a special feature of the anti-selfduality equations that also Jί(F) is a hyperKahler manifold where the complex structures on Ύ A Jί(F) c Γ(T 4 ,/1 1 <g)(β x Ad φ))) are simply given by those on A 1 . We refer the reader to Atiyah-Hitchin [5] , Mukai [17] .
Theorem 3.4. N:Jί'(F)-+Jί'(F)
is a hyperKahler isometry.
Proof. It remains to show that the derivative dN:a->ά of Nahm's transformation commutes with a complex structure. This follows immediately from:
which is equivalent to Eq. (3.3), but makes more explicit how Ω connects the two spaces of one-forms, in terms of which the complex structures are defined.
• A. Maciocia pointed out to us that alternatively one can deduce the results of this section in the algebro-geometric setup as follows. Choosing a Kahler structure on Jί defines a complex analytic complex symplectic form on Jί, see Mukai [17] . This form is the natural bilinear form on H 1 (T 4 ',Enά Q F) with values in H 2 (T 4 , End F) = C. It can be shown that this pairing is preserved under the Fourier transform, thereby establishing that Nahm's transform is a hyperKahler isometry.
